Abstract. In [1] Avramov and Buchweitz proved that for finitely generated modules M and N over a complete intersection local ring R, Ext
introduction
Throughout the paper, R is assumed to be a commutative Noetherian ring with unity and dim(R) < ∞. When R is a local ring, for each R-module M, M denotes the completion of M with respect to the maximal ideal.
In [1, Theorem III] Avramov and Buchweitz proved that for finitely generated modules M and N over a complete intersection local ring R, Ext i R (M, N) = 0 for all i ≫ 0 implies Ext i R (N, M) = 0 for all i ≫ 0. They were interested in determining a class of local rings which satisfy this property. Then Huneke and Jorgensen [5] defined a class of Gorenstein local rings, which they called AB rings, and they showed that AB rings satisfy the above mentioned property (see [5, Theorem 4 
.1]).
Using the notation of [2] , for given nonzero R-modules M and N, we define p R (M, N) to be
According to the paper [5] , define the Ext-index of the ring R, denoted by Ext-index(R), to be the supremum of finite values of p R (M, N) for finitely generated R-modules M and N. The authors in [5] also called R an AB ring if it is a Gorenstein local ring of finite Ext-index. Furthermore they showed that the class of AB rings is strictly larger than the class of complete intersection local rings.
In section 2 of this paper we introduce an especial class of AB rings and we show that every complete intersection local ring belongs to this class. Then we show the following theorem: Theorem A. Let R be a d-dimensional complete intersection local ring. Assume that M and N are two R-modules such that M is finitely generated and N is arbitrary. Then
In sections 3 we are concerned with the property of symmetry in the vanishing of Ext over complete intersection local rings when the module appears in the left hand side is not necessarily finitely generated and the right hand side module is finitely generated. As we see in [7] , it is a general feeling that completeness is a kind of finiteness condition. Therefore in this direction we prove the following theorem: Theorem B. Suppose that R is a d-dimensional complete intersection local ring and M, N are two R-modules. If either M is of finite length and N is arbitrary, or M is finitely generated and N is complete, then
Preliminaries and Theorem A
Let R be a Gorenstein local ring and M be a finitely generated R-module. Let M * denote the dual R-module Hom R (M, R). If M is a maximal Cohen-Macaulay (MCM for short) R-module, then there exists a long exact sequence
of finitely generated free R-modules such that M = Ker∂ −1 . Define the non-negative and negative syzygies of M by M i = Ker∂ i−1 for every integer i. Now we recall [5, Lemma 1.1], but one should note that the given proof in [5] is also true when N is an arbitrary R-module, more precisely: Lemma 2.1. Let R be a Gorenstein local ring. Suppose that M is an MCM Rmodule and N is an arbitrary R-module. Then for fixed t ≥ 3 and for 1 ≤ i ≤ t − 2 we have Ext
Definition 2.2. Set ξ(R) to be the supremum of finite values of p R (M, N) where M and N are R-modules and M is finitely generated, i.e.
We say that the ring R has finite ξ (or is of finite ξ) if it satisfies ξ(R) < ∞.
As some obvious properties of this type of rings we point out to the following proposition.
Proposition 2.3.
(1) Suppose that (R, m) is a local ring with ξ(R) < ∞. Assume that x is a nonzero divisor on R. Then ξ(R/xR) < ∞.
Every complete intersection local ring is of finite ξ. (4) Every Gorenstein local ring with finite ξ is an AB ring.
(5) Suppose that R is a d-dimensional Gorenstein local ring with finite ξ. Then for every p ∈ Spec(R), R p is of finite ξ.
Proof. The proofs of (1), (2) and (3) (4) is trivial. (5) Suppose that M is a finitely generated R p -module and N is an arbitrary R pmodule such that Ext
By the assumption and
Assume that M and N are two R-modules such that M is finitely generated and N is arbitrary. Then
Proof. Let L be the dth syzygy of M in a free resolution. We know that L is an MCM R-module and Ext 
. Hence for i ≥ 1 we get the following isomorphisms
Theorem B
Let (R, m) be a local ring and E(R/m) be the injective envelope of the residue class field R/m. Recall that the Matlis dual of an R-module T is Hom R (T, E(R/m)) and is denoted by T ∨ . We say that T is Matlis reflexive if T ∨∨ ∼ = T . Note that if T has finite length, then T is Matlis reflexive. Furthermore we have the following isomorphisms for R-modules V and W :
and Ext
when V is finitely generated.
Proposition 3.1. Suppose that (R, m) is a d-dimensional Gorenstein local ring with finite ξ. Then for every R-modules M and N, where M has finite length and N is arbitrary we have
Thus by assumption and Theorem 2.4, Ext (2), we get that if K is closed in L and L is quasi-complete then L/K is complete.
Also from [8, Definition 2.1.11 and Proposition 2.1.12(i)] we have (4) For every flat R-module F there exists a free R-submodule L ⊆ F such that the natural injection ρ : L −→ F is pure (i.e. ρ ⊗ Id H : L ⊗ R H −→ F ⊗ R H is injective for every R-module H) and L is dense in the m-adic topology of F (i.e.
for all n. Therefore when F is a complete flat R-module we have F ∼ = L. In other words every complete flat R-module is the completion of a free R-module (and conversely, see [7, 2.4 
]).
Lemma 3.6. Let (R, m) be a local ring and M be a complete R-module in m-adic topology. Suppose that x ∈ m is a nonzero divisor on both R and M. Let
be an exact sequence of R-modules where F is a complete flat R-module. Then both T and T /xT are complete in their m-adic topology.
Thus xT = T ∩ xF and xT is closed in T because T −→ F is continuous. Consequently by Remark 3.5(3), T /xT is complete.
Now we can give the proof of Theorem 3.3: 
By hypothesis, we have Ext Using again the short exact sequence ( ‡), we obtain the long exact sequence N 2 ) for all i ≫ 0. Therefore by [7, 
